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Abstract 
The Freeze-Tag Problem (FTP) arises in the study of swarm 

robotics. The FTP is a combinatorial optimization problem that 

starts by locating a set of robots in a Euclidean plane. Here, we 

are given a swarm of n asleep (frozen or inactive) robots and a 

single awake (active) robot. In order to activate an inactive robot 

in FTP, the active robot should either be in the physical 

proximity to the inactive robot or "touch" it. The new activated 

robot starts moving and can wake up other inactive robots. The 

goal is to find an optimal activating schedule with the minimum 

time required for activating all robots. In general, FTP is an NP-

Hard problem and in the Euclidean space is an open problem. In 

this paper, we present a recursive approximation algorithm with a 

constant approximation factor and a linear running time for the 

Euclidean Freeze-Tag Problem 

Keywords: Freeze Tag Problem, Recursive Algorithm, 

Optimization, Swarm Robotics, Computational Geometry. 

1. Introduction 

FTP was first introduced by Joseph Mitchell at the Fall 

Workshop on Computational Geometry. FTP is a 

combinatorial optimization problem that arises in the field 

of swarm robotics. At the start, in this swarm, there is only 

one “awake” or active robot (    , and all the other robots 

are “asleep”. The goal is to awaken all of the inactive 

robots by the first robot in the shortest possible time. 

Activating the robots occurs only by touching or being in 

the physical proximity to the asleep robots. Once a robot is 

awakened, it can assist in activating other sleeping robots. 

The problem will only be ended when all the robots are 

awakened [1].  

FTP, has its name from a children’s game called “Freeze 

Tag”, where a player is chosen to be “it” who tries to tag 

(touch) other players. Once players are tagged by “it” they 

must “freeze” in place until an uncaptured player tag (un-

freeze) them and thereby return them to the game. The 

traditional FTP takes the special case where there is only 

one uncaptured player remaining and ‘it’ is incapacitated 

and will not be attempting to re-freeze players. The one 

remaining uncaptured player must release all the frozen 

players in the shortest possible time (in scheduling 

terminology, this is called the makespan). Once a player is 

unfrozen, he or she assists by unfreezing other frozen 

players. As in Arkin et al’s [2] research on FTP the frozen 

players are replaced by stationary robots and ‘it’ is 

removed from the problem. This revised terminology is 

used in this research. 

The problem can be demonstrated by a directed graph in 

which robots sleep at the vertices and the edges show the 

direction of an awake robot’s movement in order to 

awaken an asleep robot. Since, each robot can be 

awakened just once, and each awake robot can wake up 

only one asleep robot at a time, the solution to the problem 

would be a directed binary tree, with    as its root [2], 

which is obtained as follows: 

In order to awaken an asleep robot from a set of asleep 

robots , robot    moves to the location of the asleep 

robot   . Once the robot    reaches to the proximity of the 

robot   , robot    is awakened then both robots     and     
start to move from the location of robot    towards the 

other asleep robots. The process of awakening continues 

until the last robot is awakened.  

According to the structure of this tree, obtaining a solution 

to the FTP requires finding a minimum spanning tree in a 

complete weighted graph, provided that the out- degree of 

the root node must be equal to 1. The resulted tree 

determines the schedule and order of the process of 

awakening the robots, and is therefore called an 

“awakening tree” [2]. The objective of the FTP is to find 

an awakening tree that makes the “makespan” (i.e. the 
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length of the path between the root node and the furthest 

leaf) as short as possible [3].  

Arkin et al.’s study proved that FTP is an NP-Hard 

problem, even for the case of star graphs with an equal 

number of robots at each vertex [2]. Many solutions for 

FTP have been proposed including approximation 

algorithms, heuristic strategies, local search and 

computational intelligence. 

Applications of the FTP arise in the context of distributing 

and transmitting data (or any other copiable commodity), 

where transmitting data requires robots to be in physical 

proximity to each other. Each robot assists in transmitting 

information, after copying them. The physical proximity 

approach in transmitting data is used when the wireless 

communication has high bandwidth cost or security risk. 

In fact, FTP is a combination of issues in the areas of 

distributing data, routing, scheduling, and network design. 

While the FTP bears some resemblance to some problems 

like the minimum broadcast time [4], the minimum 

multicast time [5], and the minimum gossip time [6] , it 

has also some significant differences with them. For 

example, the time complexity of a data distribution 

problem in tree networks has a polynomial order while for 

a pretty simple instance of a weighted star graph the FTP 

is NP-hard [2]. 

In [7] an approximation algorithm with an approximation 

factor of 10.1 is presented. This paper suggests a recursive 

approximation algorithm for FTP, which is able to 

improve the approximation factor presented in [7] and its 

time complexity is linear.  

The remainder of this paper is structured as follows. 

Section 2 looks at some related works about the problem. 

Section 3, at first describes the modeling of the problem, 

then clarifies the definitions needed to solve the problem, 

and finally discusses the idea of “divide and conquer” 

which is used to solve the FTP problem. Next, Section 4 

explains the time complexity of the algorithm. Finally, 

Section 5 concludes the study with a comparison between 

the results achieved from the suggested algorithm with 

those of other available algorithms. 

2. Related Work 

Existing solutions to FTP can be classified as 

approximation algorithms, heuristic strategies, local search 

and computational intelligence.  

Some solutions are discussed based on star graphs and 

ultra-metric in [2] and online FTP is studied in [8]. The 

heuristic strategies for this problem are divided into two 

groups: the greedy strategies and the sector-based 

strategies. The main idea in greedy strategies is that an 

awake robot selects and awakens the closest asleep robot 

in each step. The greedy strategy is not a fully defined 

heuristic. The reason behind choosing the closest robot is 

to achieve parallelism in the process of awakening the 

robots. The weakness of greedy strategy is that sometimes 

a robot prefers to travel a longer distance to obtain a better 

payoff. Best schedules are not always obtainable by 

selecting the closest robot.   

The main idea in greedy strategy is to select the nearest 

robot in each step (an awaken robot selects the nearest 

robot for awakening). Therefore, the purpose behind 

choosing the nearest robot is to create a parallelism in the 

process of awakening the robots. But, the weakness of 

greedy strategy is that sometimes a robot prefers to travel a 

longer distance to obtain a better payoff. Best schedules 

are not always obtainable by selecting the closest robot. 

Thus, some other heuristic strategies were designed, which 

are introduced by the term sector-based strategies in 

[9].We call these strategies sector-based strategies because 

the authors use the sectors around the robots for making 

decisions. The robot can detect the closest robot within 

each of its sectors. Three methods that have been proposed 

in [9] are Bang-for-the-Buck, Random Sector Selection 

and Opposite Cone. 

Local and computational intelligence solutions try to 

optimize the awakening trees of greedy strategies. Local 

search is used by replacement paths method [3] to improve 

the obtained answers for FTP. 

 In [10] a simulated annealing algorithm is introduced, 

which receives the awakening tree, obtained through the 

greedy fixed method, as its input and optimizes its 

awakening tree.  

In addition, [11] employs a genetic method to solve FTP 

problem, and [12] introduces a novel approach to FTP by 

DNA computations, in which thermodynamic properties of 

DNA and other biochemical reactions are used to obtain 

optimum schedule for FTP.  

Furthermore, [13] deals with an extended type of FTP, 

called k-FTP. At the beginning of the problem, there are   

active robots in k-FTP. In [13], first it was denoted that the 

approximation algorithm with a constant factor and a 

running time of  (         , introduced by Arkin et al. in 

[2], is also expandable for k-FTP. Then a PTAS was 

performed for 2-FTP, i.e. when k=2.  

Arkin et al. [2] proposed an approximation algorithm with 

 (    as its approximation factor and  (         as its 

running time for FTP, in a Euclidean plane. This algorithm 

creates an awakening tree with a makespan 

of   (    (   , where   stands for the number of nodes 

(robots) and     (   is the radius of total nodes  , that is 

the maximum distance between the first active robot and 

the other robots. It is assumed that the robots have   

peripheral sensors, which are separated by lines at 
(      

 
   

  

 
 
  

 
   angles.  

Each robot is capable of measuring its distance to the 

nearest robot at each sector. So that, each robot can have 

up to   nearest robots at any moment. If   is a robot in the 
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set of robots   then,    (   denotes the nearest point (if 

any) of   in the  th sector (      . If there are no 

points of   in the  th sector of  , then   (   is undefined. 

All    (   points for all   and all    , in the total time 

of  (       are computed by the help of standard 

Voronoi diagram-based methods [14]. 

 

 

Fig.1. when robot v is awakened, it starts to awake the nearest robot at 
each k sector in order of the distance [2] 

   (   Points for each     are sorted based on their 

distance from  ; let these points be            in sorted 

order by distance from   (Figure 1). 

Awakening strategy implies that when robot   is 

awakened, it starts to awake other nearest robots in 

non-empty sectors by following              path. 

Let     (      be graph that links each point   to 

the points   (   that are its nearest neighbors in   

sectors about  . 

Such a graph    is known as a 𝜃–      , for 

(𝜃  
  

 
) and is known to be a  𝜃         , 

for values of       ( θ  
 

   θ    θ
) [2].  

That is, the length of nearest path between two nodes of 

graph    when     is not more than 
 

   (    ⁄     (    ⁄
 

times of Euclidean distance between two nodes. Assume 

that the first awaken robot be at point    and the last one 

unfrozen robot is at point   , what is the running time of   ? 

We know that if some point   is reached at  , then any 

neighbor (   ) of   in graph    will be reached 

by            𝜉 , where  ξ  is the length of the 

path              . With  (     as Euclidean distance 

between the two graphs, a simple inductive and triangle 

inequality yield: 

 𝜉  (       (    )  (       (    ) 

Thus, the    will reach    within a distance of at most 
(      times the distance from   to   in    

(   (        considering    is  𝜃          and for 

constant     , distances are less than or equal 
 

   (    ⁄     (    ⁄
 for Euclidean distance    and   . That is 

 

          (       (       

 
 

   (    ⁄     (    ⁄
  (       

Thus,    is awakened at   ( (       , and because  

 (       is a lower bound on the optimal makespan, the 

above algorithm is an  (                . The time 

complexity of the algorithm for each fixed k 

is  (       . 

3. A recursive approximation algorithm for 

awakening robots in Euclidean space 

In this paper, a recursive algorithm for FTP problem is 

proposed. The main idea in this algorithm is to divide a set 

of asleep robots into smaller subsets and once awaken the 

smallest set of robots by the first active robot. Afterward 

the remaining asleep robots at each step are awakened 

simultaneously by the awakened robots in the previous 

step. This process continues until all the robots are 

awakened. Time complexity of the algorithm is linear. 

3.1 Preliminaries (Modeling the Problem) 

Let   be a set of   asleep robots in a Euclidean space. 

Robots are distributed at a two-dimensional plane and the 

distance between them is determined based on the 

Euclidean distance. Each robot in   corresponds to a point 

in the Euclidean space. In this study the offline version of 

the problem is considered in which each active robot 

knows the position of all the other robots and can 

coordinate its moves with the other robots. The robots 

move at a constant velocity (v = 1 unit)  - that is to say, the 

time needed to pass the distance   by each robot is   time 

unit.  

 

At the beginning of the problem, there is a set of asleep 

robots and a source robot    which is active. Let   be the 

total points corresponding to asleep robot and   
    (   be the diameter of the set of points  . In other 

words, consider   the Euclidean distance between two 

farthest asleep robots and    as the maximum Euclidean 

distance between the source robot    and the farthest 

asleep robot in  . 

3.2 Determining the Space Containing Robots 

The space Containing Robots, in fact a bounding box 

enclosing set points    based on 2D. In each step of 

recursive algorithm, first of all finding the rectangle of 

minimum area in which all remaining asleep robot can be 

contained. The bounding box used is defined by the 
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extreme coordinate values of the points with respect to 

global coordinate system. So the farthest points in the set 

of points   must be found. If the four extreme coordinate 

values of the points in the set of   , that is (         and 

(         represent minimum and maximum values of   

respectively, and (         and (         represent 

minimum and maximum value of   respectively. The 

rectangle ( (            (          ) we call the Space 

Containing Robots, such that set of points   can be placed 

in an imaginary rectangle      (        that has sides 

parallel to the coordinate axes. 

3.3 Dividing the Space Containing Robots 

In the divide-and-conquer strategy, trying to divide the set 

asleep robots into the smaller subsets and then awaken the 

smallest set of robots by the source robot. In other words, 

in each step of recursive algorithm, the set   is divided 

into two subset and the subset with more density in the 

imaginary rectangle is selected for the next step. The 

division continues until the number of robots in a set is 

more than four. 

Considering that at each step of calling, the set of point   

is divided into two subsets, the division process leads to a 

binary tree with depth of “depth”. At the first step of 

calling, the depth of the binary tree is equal to 1. We call 

this binary tree, “space division tree”. 

The space division can be performed vertically or 

horizontally depending on the depth, the depth of the 

division tree in each step, being odd or even. In the vertical 

division, the midpoint of   is obtained in terms of  ; it 

means that, if   is arranged based on  , then the [
 

 
]    

point is called   (if the lowest              exists in 

more than one point in the set, the point with the lowest 

             should be chosen out of the other 

candidates.). 
 

Figure 2, shows a schema of dividing the set  , in section 

a, the vertical imaginary line  , which crosses  , divides 

the rectangle into two parts, which the length of at least 

one of them is equal or less than 
 

 
. The set of the points 

located in the smaller rectangle is denoted by   , and   

along with the rest of the points are located in the set   . 

Afterward, the algorithm is called, with    , maximum 

distance between two asleep robots in the set, and 

          as the inputs. As it is obvious, since the 

midpoint   is added to set    at the end of this stage, the 

set    has [
 

 
]    points. 

 

At the next stage, dividing with respect to value of 

depth performed horizontally. So, the midpoint   is 

obtained for   based on   (if the lowest   
           exists in more than one point in the set, 

the point with the lowest              out of the 

candidates should be chosen.) 
 

In section b of Figure 2, This time the horizontal 

imaginary line   that crosses   divides the rectangle to 

two vertical sections so that the width of at least one of 

them is equal or less than 
 

 
, which is called    and   and 

the rest of the points are considered as   .  

The set    has maximum   ⁄  asleep robots, at the end of 

this stage. Then, the algorithm is called, with   , 
 

 
  and 

          as the inputs. 

 

 
a. dividing vertically 

 

 
b. dividing horizontally 

Fig.2. a schematic view of division of the robots space into    and    

sets by the line T crossing from point  ; set    is selected. 

3.4 Recursive Awakening Algorithm 

The algorithm receives the source robot    , the set of 

asleep robots  , diameter of the set   (d), and the depth of 

the division tree “depth”, which is equal to 1 at the first 

call, as its inputs. 
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Then, the recursive algorithm is performed as follows 

based on members of the set   and depth of division tree 

at each stage (e.g. stage   where          ). 

If at the depth  , | |    then, at first, robot    awakens 

one of the asleep robots, which is done at most by the 

time   . Finally, At most two robots remain asleep, which 

can be awakened by two awaken robots at the same time.  

The awakening time of the two remaining robots will be as 

follows: 

 When depth   is odd, it will be done at the maximum 

time of 
√ 

 ⌊     ⌋   (since the robots are placed at a 

square with maximum length of   and the depth of   , 
the distance between no two robots is more 

than 
√ 

 ⌊     ⌋  ). Hence, when   is odd, the maximum 

time of awakening will be    
√ 

 ⌊     ⌋  . 

 When depth   is even, it will be done at the maximum 

time of 
√ 

 ⌊     ⌋   (since the robots are placed at a 

rectangle with maximum length of   and maximum 

width of  
 

 
 and note at the depth of   , the distance 

between no two robots is more than 
√ 

 ⌊     ⌋  ). Hence, 

when   is even, the maximum time of awakening will 

be    
√ 

 ⌊     ⌋    

As a result, the awakening time at depth  , by 

the source robot   , when the number of asleep 

robots are less than four ( | |     ) is: 

 

(1 

        (        

               

{
 
 

 
 √ 

 ⌊     ⌋
                

√ 

 ⌊     ⌋
                 

| |    

           

If the number of asleep robots at the depth of    is more 

than or equal to four ( | |   ), the algorithm works 

recursively. First, as mentioned above, a rectangle, 

encompassing all the asleep robots, is assumed for the 

set  . Afterward, when the “depth” is odd a midpoint is 

obtained based on   and the vertical line   crossing the 

midpoint is drawn. For even “depth” the midpoint is 

determined based on   and the horizontal line   crossing 

the midpoint is drawn. Therefore, the set R is divided into 

two sub-sets of    and    . Then the algorithm is 

performed with the inputs from   , diameter of     and the 

depth of     . This process continues until the number of 

remaining asleep robots is less than four. On the other 

hand: 
 

 if depth is odd then 

  if ((                  ) then 

         {(      | (          (                     } 

  else 

         {(      | (          (                     }  
 else 

   if ((                  ) then 

         {(      | (           (                     } 
  else 

         {(      | (           (                     } 
           

 

Given that there are    {  } awake robots at depth  , the 

number of remaining asleep robots in   at each depth is 

less than or equal to the number of awake robots at the 

same depth. Therefore, robots in   , which are the asleep 

robots at depth   , are awakened during the same stage. 

Equality of the sets    and    is shown in (2). 

(2 |  |  |    |  | |  (⌈
| |

 
⌉   )  ⌈

| |

 
⌉  |  |       

 

For awakening stages according to the algorithm, see the 

appendix. 

The awaking time of set   can be obtained as follows: 

 When the depth   is odd, considering that number of 

robots    are not more than the number of awakened 

robots     {  } , all of them can be awakened, in 

parallel and simultaneously. The required time for 

awakening is equal to the maximum diameter of the 

rectangle encompassing    and   , which is not more 

than 
√ 

 ⌊     ⌋  .  

 When   is even, each robot in    should be simply 

awakened by one of the robots in     {  } . The 

required time for awakening is equal to the maximum 

diameter of the rectangle encompassing    and    , 

which is not more than 
√ 

 ⌊     ⌋  .  

 

Consequently, the required time for awakening the asleep 

robots in    by the awake ones in    at depth   is: 
 

(3 

        (        

{
 
 

 
 (

√ 

 ⌊     ⌋
)          (

 

 
      )              

(
√ 

 ⌊     ⌋
)           (

 

 
 
 

 
    )             

  

| |     ,            

 

Figure 3, shows an example of the processes of space 

division and awakening. At the depth 1, the set   is 

divided into two sections, and then the section with higher 

density will be selected as   . 

Division is repeated up to the depth of 4, where the 

number of the robots is less than 4. These robots are 

awakened by the source robot, and since the depth is even, 

their awakening time is  
√ 

 ⌊     ⌋     . 
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The awakened robots along with the source robot (  ) start 

to awaken the robots at the depth 3, given that the depth is 

odd, the awakening time will not be more than 
√ 

 ⌊     ⌋  .  

This process continues up to the depth 1, and the total 

awakening time is the sum of awakening time of all stages. 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 

 

Fig.3. division of the robots space and awakening process for division 
depth of 4 

Theorem: The time required to awaken   asleep robots in 

a rectangle with sides parallel to the axes of the coordinate 

system and maximum length and width of   by source 

robot   , given that    is the distance between    and the 

farthest asleep robot, is not more than    (    

(√  √ ))  

 

Proof: based on (1) and (3), when the depth of division 

tree is even or odd, we have: 

 

)4 

        (        

   

{
 
 

 
 ∑ (

√ 

 ⌊     ⌋
) 

     

        

∑ (
√ 

 ⌊     ⌋
) 

     

         

  

 

On the other hand ∑ (
 

 ⌊     ⌋)
 
    is a geometric series, thus 

based on the sum of its   th terms and depths of the 

division tree: 

 

 
∑ (

 

 ⌊     ⌋
)

 

   
 ∑ (

 

  
)

 

   
    

 

According to the relation (4) and depth of the division tree 

(both odd and even): 

 

        (√  √ )      

)5         (              (√  √ )    

 

Since     (      , a circle with diameter of    and 

center point of    would encompass all the points of    and 

the distance between any two points in the circle would be 

less than or equal to     . 

 

 

        (              (√  √ )    

    (√  √ )      
then 

        (             (    (√  √ )) 

   (    (√  √ ))         

 

Given that    is a lower bound for the awakening time in 

the optimum condition, the proposed algorithm is an 

approximation algorithm with an approximation factor of 

at most 8.3.  

4. Time complexity computation  

In computing the time complexity of the algorithm, it must 

be considered that the max, min, and midpoint of a set of   

members are obtainable in the time of   (  . Thus, the 

algorithm can yield an imaginary rectangle encompassing 

points in   at the time  (  . 
The number of the members of    is not less than     

during each step of implementation of the algorithm on  , 

this process of calling is repeated until the number of point 

in the set is less than 4. 

Afterward, the algorithm produces some correspondences 

between the members of    and     {  }; this is done 

within the time interval of  (    Therefore, with  (   as 

running time of the algorithm for | |   , we have: 

(6 

{
 

  (    (
 

 
)   (     

  (                 

 

 

The equations (6) yields   (    (  , which means 

running time of the algorithm is linear.  

5. Results  

Arkin et al [2] proposed an approximation algorithm with 

an approximation factor of  (   and running time 

of   (      , which ensures a constant approximation 

factor. However the question is that how big the maximum 

factor could be? The upper bound of the factors is 
    

   (    ⁄     (    ⁄
 when    . As can be seen in Figure 4, 
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the upper bound exceeds 57; in fact, the algorithm does not 

guarantee any approximation less than 57. 

 

Fig.4. 
    

   (    ⁄     (    ⁄
 [7] 

 

Another disadvantage of the algorithm is its running time. 

Although,  (        is a relatively acceptable running 

time, it is far from optimum value for FTP problem. This 

issue is investigated in [7]. Then an approximation 

algorithm with a constant factor was introduced for 

Euclidean FTP problem in [7] with a maximum 

approximation factor of 10.1. 

In this study an algorithm with a linear running time which 

has improved and reduced the approximation factor 8.3. 

 

6. Conclusions 

 In this paper, an approximation algorithm for solving FTP, 

using recursively approach was introduced. A better 

approximation factors, comparing with similar works, was 

obtained, while the running time was linear. The idea of 

divide and conquer leads to dividing the asleep robots at 

each stage into two smaller sets and the set with more 

density is selected for awakening at the next stage. The 

division is done while the number of robots in a set is not 

less than four. By dividing the sets of robots, the algorithm 

also ensures that number of awaken and asleep robots at 

every depth are equal (except for the last depth where only 

one awake robot and maximum three asleep ones 

participate). As a result, all the asleep robots at the same 

depth are awakened simultaneously through parallel 

awakening. 

 

 

 

 

 

 

Appendix 

Algorithm makespan(R , d , depth) 

Input.     a set of robot asleep R , depth =1  and awakeRobotList      
Output.  awakeRobotList 

if       then 1. 

    awakeRobotList   wakeup set R by awakeRobotList 2. 

if       then 3. 

Find four extreme points, the leftmost, the lowest, the rightmost and the highest of  R.  4. 

                     ((            (           )  5. 

if depth is odd then  6. 

Split R into two subsets with a vertical imaginary line T through the median x-coordinate of the points in R.  In case there are multiple 

points with the same x-coordinate, pick the one with the smallest y-value. Call them   (          . 
  7. 

if ((                  ) then   8. 

       {(      | (          (                     }   9. 

else   10. 

       {(      | (          (                     }    11. 

            12. 

awakeRobotList = makespan(   ,    , depth + 1)   13. 

else  14. 

Split R into two subsets with a horizontal imaginary line T through the median y-coordinate of the points in R.  In case there are 

multiple points with the same y-coordinate, pick the one with the smallest x-value. Call them   (          . 
  15. 

if ((                  ) then   16. 

         {(      | (           (                     }   17. 

else   18. 

                  {(      | (           (                     }   19. 

            20. 

awakeRobotList = makespan(  ,       , depth + 1)   21. 

awakeRobotList   wakeup    by awakeRobotList, simultaneously  22. 

return awakeRobotList 23. 
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